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Abstract 


In this note, we investigate the connection between the existence of cycles and the 
opportunities of strategic manipulation under a specific social decision function, the 
plurality rule. Contrary to previous research in this field, voting cycles are considered as 
a possible cause rather than a consequence of strategic voting. The results we obtain allow 
us to evaluate the vulnerability of the plurality rule to strategic voting, and to study how 
the distribution of voters over preference orderings affects the risk of manipulation. 


1. Introduction 


The most important results in social choice theory undoubtedly are those of 
Arrow [1], Gibbard [6], and Satterthwaite [10]. Arrow’s theorem is closely related to the 
fact that some preference profiles lead to acyclical majority, and can be considered 
as a generalization and axiomatization of the Condorcet paradox. Gibbard and 
Satterthwaite, for their part, have established the non-existence of non-manipulable 
social choice functions: for every (non-dictatorial) group-decision rule, one can find 
preference profiles in which some individuals or coalitions of individuals have 
incentives to misrepresent their true preferences. 

The present note can be viewed as a (very partial) exploration of some of the 
connections between these two fundamental results. We consider a specific (but widely 
used) social decision function, namely the plurality rule, and seek to make precise 
the extent to which preference profiles that are likely to give way to strategic mis- 
representation are related to cyclical profiles. To our knowledge, this kind of investiga- 
tion has rarely been tackled in the literature. A notable exception is a recent paper by 
Chamberlin [3], who analyzes “the relationship between the twin demons of social 
choice theory — voting cycles and manipulated outcomes”. Our approach is, however, 
somewhat different from Chamberlin's, since we consider sincere preference profiles, 


*Partial support has been obtained from the Swedish Council for Research in the Humanities and Social 
Sciences. 


© J.C. Baltzer AG, Scientific Publishing Company 


248 S. Berg, D. Lepelley, Voting cycles and strategic manipulation 


whereas he is concerned with expressed preferences. Chamberlin’s problem is to show 
that, under certain social choice functions, the observation of a voting cycle in an 
election can be a decisive signal concerning the likelihood that the election has been 
manipulated. In this context, voting cycles appear to be a consequence of strategic 
manipulations. By contrast, voting cycles are considered in this paper as a possible 
cause rather than a consequence of strategic voting. 

Generally speaking, a profile which is immune to strategic manipulations is said 
to be stable. Section 2 introduces two alternative notions of stability. The former is 
equivalent to the classical concept of strict equilibrium, whereas the latter incorporates 
the possibility of counter-coalitions formation (following in this a line of research 
initiated by Pattanaik [9]). In section 3, we identify stable profiles under the plurality 
Tule (theorems 1 and 2). Our results show that stability is related not only to the 
existence of a Condorcet winner, but also to its selection. In addition, theorems 1 and 
2 allow us to evaluate in section 4 the vulnerability of the plurality rule to strategic 
manipulation (i.e. the probability for a profile to be unstable) and to compare it to the 
likelihood of the Condorcet paradox. We also study how some specific patterns of 
preferences, describing, for example, a tendency toward single-peakedness, affect the 
vulnerability of this rule to strategic manipulation. Section 5 concludes the paper. 


2. Notations and definitions 


Let A = (a,,4,,...,4,} be the finite set of alternatives. A linear preference 
order P on A is a complete, antisymmetric and transitive binary relation on A. The set 
of all linear preference orders on A will be denoted L. 

Let N be the set of individuals with cardinality INl=n. A profile 
m=(P,,...,P,...,P) is an element of L”, and P denotes the linear preference order 
of individual i. 


DEFINITION 1 
A Social Choice Function (SCF) is a mapping F: L” > A. 


Given ae Aand we L’, N{) CN denotes the set of individuals who rank a 
in first position. 


DEFINITION 2 


The Plurality Rule is the SCF F, such that F,() = a= (h<t> IN(a)I > IN, (1) 
and (kh >t > IN(a)I 2 IN,(7)!)) for all A,r e {1,...,m) and all we L". 


According to this definition, ties are broken in favor of the alternative marked by 
the smallest index. 
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DEFINITION 3 


Let F be an SCF and z € L” a profile. A threat to a is an ordered pair (N’, 2’) 
such that: 


(1) N’CN and a’ =(P},...,P,)e L’; 
(2) Vie (N-N’), Pi =P; 
(3) Vie N’, F(x’)P, F(x). 


DEFINITION 4 


Let F be an SCF. A profile te L” is F-stable if and only if there is no 
threat to 7. 

In other words, a profile z is F-stable if and only if no coalition of individuals 
by changing their votes (while all the individuals outside the coalition have the same 
preferences as in x) can benefit each member of the coalition. F-stability is similar to 
the Nash—Farquharson—Shubik concept of strict equilibrium. 

A profile that is not F-stable is said to be F-unstable. 

As pointed out by Pattanaik [9], the notion of F-stability is not always realistic 
“insofar as it does not include the phenomenon of possible counter-coalitions when a 
coalition threatens to disrupt a voting situation by strategic manipulations” (individuals 
in (N — N’) continue to vote as in 2). We introduce the notion of reaction for taking into 
account this possibility of counter-coalitions. 


DEFINTION 5 

Let F be an SCF, x € L” a profile and (N’, 2’) a threat to 2. A reaction to (N’, 7’) 
is an ordered pair (N”, 7”) such that: 

(1) N” Cc (N—-N’)and x” = (P1,...,Pn) €& L"; 

(2) Vie (N-N”), P?=Pi; 

(3) F(x") = F(x); 

(4) Vie N”, F(x" )P,F(2’). 

In short, there exists a reaction when a counter-coalition N” is able to restore the 
sincere winner (who is preferred to the manipulated winner by each individual in N”)*. 


Existence of a reaction is likely to deter individuals in N’ from manipulating, by making 
their strategic behaviour useless. 


*The concept of reaction is not equivalent to Pattanaik's notion of counter-threat. There exists a counter- 
threat (N”, 7”) if a counter-coalition N” can inflict a loss, as compared to 7, to some individual in N’ (i.e. 
F(@)P.F(x”) for some i € N’). : 
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Example 1 
Let A = {a,,4@,,a,} and N = {1, 2,3, 4, 5}. Consider the profiles 7, n’ and 2”, 
defined as follows: 


54 wv a 
123 4 § 123 4 5 123 4 5 
Top a, @, a, a, a, a, @, @, a, a @, a, 4, a, a, 
4 4 4 4 4 4, 4, 4 & 4, a, 4, 4, 4 4, 
Bottom a, a, a, a, a a, a, a, a, a, a, a, a, a, a, 


Under the plurality rule, we obtain F(x) = a,. Let N’ = {1,5}. The pair (V’, ‘Wyisa 
threat to 7 since F(1’) = a,, P’ = P. Wie N’ and a, P.a,, Vi € N’. However, individuals 
in (N—N’) have the possibility to react: it is " easily checked that (N”, 2”) with 
N” = {2, 3,4) is a reaction to (N’, 2’). 


DEFINITION 6 


Let F be an SCF. A profile 2 € L” is quasi F-stable if and only if, for every threat 
to a, there exists a reaction. 


Clearly, F-stability implies quasi F-stability. A profile which is not quasi F-stable 
is said to be strongly F-unstable. 


3. Stable and quasi-stable profiles under the plurality rule 


Given z, N PRG) denotes the set {i € N: a,P.a,}. A profile is cyclical if, Va eA, 
rea exists a, # a such that IN, (a)! > n/2. Alternative a, is the Condorcet winner if 
N70! >n/2,~Jh#t. Forn odd’ it is clear that a Condorcet winner exists if and only 

% is not cyclical. 


LEMMA 1 


Let x € L” and ae A. Suppose that F(z) = a. If there exists a,€ A- {a} such 
that [N, (#)| > n/2, then z is strongly F,-unstable. 


Proof 


Assume that there exists a #4 such that IN, AG) > n/2. Consider the 


ordered pair (N’, 2’) with N’ = N, (z) and z’ such that (P = P., Vie (N—N’) and 
(a, Pa, Vj #h), Vie N’). Since IN’ l= IN,. Am)! > n/2, we obtain F,(n) = a,; moreover, 
every ‘individual in N’ prefers a, to ‘4 = F,(x). Thus, (N’, 7) is a “threat to %. 
Consider now the set of ordered pairs (N”, x”) sich that N” c (N ~ N’) and P.” = P’, 


Vie (N—N”). Since N’ c (N— N”) and IN’ > n/2, we obtain F,(2”) = a, for each xn”. 
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Hence, one cannot find (N”, 2”) such that F,(2”) = F(x) = a. This means that there is 
no reaction to (N’, 2’), and we conclude that wis strongly F, -unstable. oO 


Thus, a cyclical profile is always strongly F,-unstable and (consequently) F,- 
unstable. Moreover, it follows from lemma 1 that, for n odd, the Condorcet winner 
election is a necessary conditon for quasi F,-stability and F  -stability. 

The following result shows that the Condorcet winner election is also sufficient 
for quasi F'-stability. 


LEMMA 2 


Let we L”. If F (x) is the Condorcet winner, then 7 is quasi F'-stable. 


Proof 


Let a denote the Condorcet winner and assume that F(z) = a. If zis F -stable, 
then by definition 7 is quasi F,-stable and lemma 2 is trivial. Consider the case where 
m is F\-unstable: there exists a threat (N’, 2’) to . Without loss of generality, assume 
that F a )= a,. The definition of a threat implies a, P. a, Vie N’; hence, N’ CN. (x). 
Consider the ordered pair (N”, 2”) defined as follows: N “=N 1,5 and 2” is ‘such that 
(iEeN” => a,P"a,, Vh#t)and(i¢ N” => Ph s = Fy ). It is cléar that N” c (N-~N’). 
Moreover, a, is ‘the Condorcet winner and this implies IN, (ml =1N"1 > n/2; Hence, we 
obtain F (nt) = = a = F(x) and F\(2")P.F(1’) = a, Vi Ee "N”: (N”, ©”) is a reaction to 
(N’, 2’). ‘Since the reaction remains valid for each possible threat to 2, we conclude that 
a is quasi F,-stable. A 


THEOREM 1 


Suppose n is odd. Then a profile 2 € L” is quasi F,-stable if and only if the 
Condorcet winner and the plurality winner coincide. 


Proof 


Lemmas 1 and 2. 


D 


Consider now F,-stability. The election of the Condorcet winner is not sufficient 
for a profile to be F\-stable, as shown by example 1 (where a, is the Condorcet winner). 
The following theorem, due to Lepelley and Mbih [7], provides a necessary and 
sufficient condition for F)-stability. 

THEOREM 2 


Let ze L” and a, € A. Suppose that F,() = a, Then wis F,-stable if and only if 


(IN: (@)I) > INar(@)l, VA < 8) and (IN,(2)1 2 Na (@)L, VA > 2). (3.1) 
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Observe that theorem 2 is consistent with lemma 1: one can verify that relation 
(3.1) implies that is not cyclical; moreover, for n odd, a, is the Condorcet winner when 
relation (3.1) is true. 


4. Vulnerability of plurality rule to strategic manipulation 


To each possible profile, it is possible to associate a voting situation. Suppose that 
the m! possible linear orders on A are numbered from 1 to m!. Let x, be the relative 
number of individuals having linear order j. Then a voting situation is a vector 
x= (x,,.. x) Such that 0 <x <1, Vje {1,. m!} and Xx, = 1. Given an SCF F, 
a voting caneth is said to be (quasi) F-stable if and roa if it is associated to a (quasi) 
F-stable profile. Similarly, a voting situation is cyclical if and only if the corresponding 
profile is cyclical. 

Let x € X, with X denoting the simplex 2%, =1, x,2 0, and consider the following 
events: 


E, : "x is F,-unstable"; 
E, : "x is strongly F,-unstable"; 
C : “x is cyclical”. 


If Pis a probability measure over X, then the probabilities of E, and E, computed under 
P provide two alternative measures of the vulnerability of F, to strategic manipulations.* 
By definition, Pr(E,) 2 Pr(E,), and lemma 1 implies Pr(E, ) 2 Pr(C): the probability of 
a voting cycle (Condorcet paradox) provides a lower limit for the probability of F,- 
instability, and this property remains true whatever the probability distribution of x is. 

Moreover, theorems 1 and 2 make possible the computation of Pr(é,) and 
Pr(£,). 

In the following, we consider only the three-altemative case, and we assume a 
voting body of infinite size. With three alternatives, the six possible linear orders are 
numbered as follows: (1) a ,Pa,Pa,; (2) a,Pa,Pa,, (3) a,Pa,Pa,; (4) a,Pa,Pa,; 
(S) a,Pa,Pa,, (6) a,Pa,Pa,. 

To obiain numerical values of Pr(E,) and Pr(E,), and to study the effect of the 
distribution of the voters over preference orderings on the vulnerability of F,, we need 
a suitable probability distribution for the vectors x = (x,, ..., X,). The Dirichlet distri- 
bution is flexible enough for our purpose. Thus, in what follows we assume that x is 
distributed over the simplex X according to 


6 
f(x) = ro) TL x? -"/T(o), (4.1) 


*The notion of vulnerability to strategic manipulation was introduced by Nitzan [8], who only considers 
individual manipulation and uses simulation techniques. 
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where 6, >0,i=1,..., 6 are real-valued parameters such that o= Dra. and I°( ) is the 
gamma function. 

A simple special case of (4.1) is obtained when all o; = 1, namely f (x) = 120. This 
case, avnich assumes that each of the six possible orderings i is equally likely, is referred 
to as ‘‘anonymous preference profiles” by Gehrlein and Fishburn [5], and discussed by 
them in connection with the Condorcet paradox. Under this assumption, Gehrlein and 
Fishbum obtain Pr(C) = 1/16. The corresponding values of Pr(E,) and Pr(,) are easy 
to obtain, as shown below. 

Consider first the probability of £,. Let E, 1,, denote the event "x is F\-stable and 
a, is the plurality winner", for ¢ = 1, 2, 3. Observe that the plurality rule, as defined in 
this paper, is not neutral since alternatives are not equally treated in the case of ties. 
However, the probability of a tie election under plurality rule tends to zero when n tends 
to infinity. So, we can assume that 


Pr(E,) = 1-3 Pr(Z,,). 


It results from theorem 2 (and from the above remark about tie elections) that an 
F,-stable voting situation x in which a, is the plurality winner must satisfy: 

AX, Oo yt At Xe 

X, +4, > X, + Xe +X, (4.2) 


Pr(E, ,) is then given by the following expression: 
J. : - 120 dx,,...,dx6, 


where the integral is taken over the subset of the simplex x, +...+x, = 1 defined by 
the inequalities (4.2). We obtain Pr(E, ,) = 17/72. Hence, 


Pr(E,) = 1 — 51/72 = 7/24 = 0.2917, 


a result which shows that the likelihood of F,-instability is much higher than the 
probability of occurrence of the Condorcet paradox (Pr(C) = 1/16 = 0.0625). 

The value of Pr(E,) can be obtained in a similar way: from theorem 1, a quasi F,- 
Stable voting situation x in which a, is the plurality winner must satisfy 


X, +x, >%x,+x,, 
X, +x, >X, + 
Xk, +X, +x,> 1/2, 


X, +%,4+%,> 1/2. 


If f(x) = 120, we then obtain 
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Pr(E,) = 25/144 = 0.1736. 


Note that the likelihood of strong F,-instability (Pr(£,)) can be deduced from the 
Condorcet efficiency of the plurality rule. The Condorcet efficiency (CE) of an SCF is 
defined as the conditional probability that the Condorcet winner is selected, given there 
is one. From theorem 1, the probability of a voting situation being quasi F,-stable is 
thus equal to CE(F,)- Pr), where Pr(C) denotes the probability of having a Condorcet 
winner. Using the ' ‘anonymous preference profiles” approach, Gehrlein [4] obtains 
CE(F,) = 119/135. Since PrC) = 15/16, we have 


Pr(E,) = 1 — 119/135- 15/16 = 25/144. 


The framework developed here allows us to study the effect of departures 
from the equiprobable assumption. It is well known that factors such as "social homo- 
geneity", "single-peakedness" or "latin-squaredness" considerably influence the proba- 
bility of the Condorcet paradox and, consequently, the likelihood of the Condorcet 
winner election. The results of the preceding section suggest that similar conclusions 
should be obtained for the vulnerability of the plurality rule to strategic manipulation. 

The Dirichlet family of distributions (4.1) readily accommodates deviations from 
uniformity in the voter's preferences (cf. Berg [2] for an application and further details). 
It is important to note that an increase in the Dirichlet parameter sum o = XG, corTe- 
sponds to a greater spread of opinions, or heterogeneity among the voters; with a greater 
sum, it is less likely that two voters share the same opinion. Smaller parameter values, 
on the other hand, bring us further away from the multinomial probability distribution 
(the latter describing independently distributed preferences among voters). Note also 
that the ratio of the expected proportions of voters with linear orders i and j, i #/, is equal 
to the parameter ratio G/0.. 

Tables 1 and 2 show the effect of different distributional assumptions on the risk 
of having an unstable voting situation.* 

The conclusions are in accordance with what one could expect: 


(1) Greater spread of opinon, as indicated by a greater parameter sum, increases 
the vulnerability to strategic manipulations. This is true of a uniform distri- 
bution as well as non-uniform distributions of voters over preference 
orderings. This is intuitively understandable, since with a greater spread we 
have a decreasing likelihood of obtaining a majority alternative. 


(2) A tendency toward "latin-squaredness" leads to substantially increased risk 
for loss of stability, whereas a tendency toward "single-peakdness" leads to 
a reduction of risk unless offset by a greater spread of opinions. It is 


*Most of the results shown in tables 1 and 2 have been obtained with the aid of a program which 
approximates double integrals by Simpson's rule. Before applying the program, the more complex 
Dirichlet integrals have been reduced to two-dimensional integrals. 
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Table 1 
Latin-squaredness and vulnerability 
i Preference orderings Parametric pattem 0, 
1 a, a, a, 1 2 2 
2 a, a, a, 1 1 0 
3 a, 4, G, 1 1 0 
4 a, a, a, 1 2 2 
5 a, a, a, 1 2 2 
6 a, a, a, 1 1 0 
Xo, = 6 9 6 
Pr(E,) = 0.29 0.41 0.44 
Pr{E,) = 0.17 0.25 0.44 
Table 2 
Heterogeneity, single-peakedness and vulnerability 
i Preference orderings Parametric patter ©, 
1 a, a, a, 1 2 1 2 2 2 
2 a, a, a, 1 2 1 2 2 2 
3 a, a, a, 1 2 1 1 2 2 
4 a, a, a, 1 2 0 0 0 1 
5 a,a, a, 1 2 1 1 2 2 
6 a, @, a, 1 2 0 0 0 if 
Lo; = 6 12 4 6 8 10 
Pr(E,) = 0.29 0.45 0.14 0.05 0.18 0.36 
Pr(E,) = 0.17 0.22 0.14 0.05 0.18 0.20 


interesting to note that the E, risk is more responsive to changes in the spread 
of voters over preference orderings than the E, risk. 


5. Concluding remarks 


In this paper, we have investigated the relationship between the occurrence of 
cyclical profiles and the opportunities of strategic voting when the plurality rule is used. 
It was shown that, under this rule, the existence of a voting cycle implies instability in 
addition to what we have called strong instability. Perhaps more interestingly, our 
results indicate that the vulnerability of the plurality rule to strategic manipulation is 
very closely related to its Condorcet efficiency. It would be of interest to know whether 
this connection holds for other social choice functions, such as the Hare rule or the 
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Coombs rule. If this were the case, the Condorcet efficiency of these rules (see, for 
example, Gehrlein [4]) could be used for evaluating their vulnerability to strategic 
manipulation. 
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